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1. Introdution
In this paper we wish to study the onditions for isotropisation of the Generalized Salar-
Tensor theory plus a massive salar eld in the Bianhi type I model. They are many
reasons to be interesting by this model
First of all General Relativity is a good desription for the weak gravitational elds
(solar system tests) as for strong ones (binary pulsar) although deviating are expeted
for early times or in extreme ases suh as blak hole. Then, it is interesting to onsider
a Lagrangian whose "geometri" part looks like General Relativity. Moreover partile
physis progress and the idea of ination in the eighties show that salar elds ould
be essential omponents of a gravitational theory. In this work we will onsider a
massive one. It ould be justied by observations of type IA supernovae [1, 2℄ whih
seem to demonstrate that the dynamial behaviour of our Universe is aelerated.
Most of time this is interpreted as the presene of a osmologial onstant in the eld
equations although other explanations an be advaned suh as this of a non-perfet
uid with quintessential matter [3℄. The Boomerang experiment [4℄ indiates that it
ould represent the dominant energy of our Universe. However, the present value of this
onstant is in disagreement with this predited by partile physis at early times. One
way to solve this problem is to onsider a varying potential U , i.e. a massive salar eld.
We will also desribe the oupling of the salar eld φ with the metri funtions by a
oupling funtion ω(φ) generalising the Brans-Dike oupling onstant [5℄. This type of
oupling is issued from partile physis theories whose Lagrangian at low energy ould
take the form of a salar tensor theory.
Geometrially, our present Universe seems well desribed by the isotropi and
homogeneous osmologial models, i.e. the FLRW models. However the observations,
as instane from Boomerang [4℄, show slight anisotropies in the osmologial mirowave
bakground, whih ould take origin at early times. Moreover, if the Universe had
always been perfetly isotropi and homogeneous, it would be diult to explain the
large-sale strutures we observe. Hene, it is interesting to onsider an anisotropi
Universe desribed by the Bianhi models. There are 9 ones but the most studied are
the Bianhi type I, V , V II0, V IIh and IX whih are able to isotropise toward an
FLRW model [6℄. We will onsider the Bianhi type I model whih an tend toward
a at FLRW one and is a good andidate from the ination theory point of view. Of
ourse the Bianhi models are not a denitive geometrial desription of the Universe
whih should probably be inhomogeneous. But suh models allow studying the neessary
onditions for its isotropisation.
Our goal will be to look for the neessary onditions depending on the potential and the
Brans-Dike oupling funtion for Universe isotropisation at late times. We will then
derive the asymptotial dynamial behaviour of the metri funtions and the ondition
for the presene of ination.
Tehnially, we will use the ADM Hamiltonian formalism [7, 8℄ allowing to write the eld
equations as a rst order system and then the dynamial systems theory as desribed in
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[9℄ and suggested in [10℄ to study them. We have not found any paper in the literature
where these two methods are applied to equations system with 2 arbitrary funtions.
Due to this indeterminay all the equilibrium points of the system an not be studied.
However this problem an be overomen for the subset of the phase spae where lie the
isotropi states of the Universe and whih is of interest for us.
This paper is organised as follow. In the seond setion we alulate the Hamiltonian
eld equations of the Generalized Salar-Tensor theory plus a massive salar eld and
rewrite them with new normalised variables. In the third setion, we study the subset
of the phase spae orresponding to isotropy. We disuss about physial meaning of the
mathematial results thus obtained in the fourth setion.
2. Field equations
The Lagrangian of the Generalized Salar-Tensor theory plus a massive salar eld is
written:
S = (16π)−1
∫ [
R− (3/2 + ω(φ))φ,µφ,µφ2 − U(φ)
]√−gd4x (1)
with φ the salar eld, ω the oupling funtion between the salar eld and the metri,
U the potential. We will use the following form of the metri:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (2)
the ωi being the 1-forms dening the Bianhi type I homogeneous spae. The gij are
the metri funtions, N and Ni are respetively the lapse and shifts funtions. Using
the methods desribed in [7℄ and [11℄, we nd that the ation an be rewritten in the
following way:
S = (16π)−1
∫
(Πij
∂gij
∂t
+Πφ
∂φ
∂t
−NC0 −NiC i)d4x (3)
The Πij and Πφ are respetively the onjugate momentum of the metri funtions and
salar eld, the N and Ni play the role of Lagrange multipliers. The quantities C0 and
Ci are respetively the super-Hamiltonian and supermomentum dened by:
C0 = −
√
(3)g
(3)
R− 1√
(3)g
(
1
2
(Πkk)
2−ΠijΠij)+ 1√
(3)g
Π2φφ
2
6 + 4ω
+
√
(3)gU(φ)(4)
C i = Πij|j (5)
where the "
(3)
" hold for the quantities alulated on the 3-spae and the "|" for the
ovariant derivative in the 3-spae. When we vary the ation with respet to the
Lagrange multipliers we nd the onstraints C0 = C i = 0.
We rewrite the metri funtions as gij = e
−2Ω+2βij
and we use the Misner
parameterisation [8℄:
pik = 2πΠ
i
k −
2
3
πδikΠ
l
l (6)
6pij = diag(p+ +
√
3p−, p+ −
√
3p−,−2p+) (7)
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βij = diag(β+ +
√
3β−, β+ −
√
3β−,−2β+) (8)
Then, the ation (3) is written as:
S =
∫
p+dβ+ + p−dβ− + pφdφ−HdΩ (9)
with pφ = πΠφ and H = 2πΠ
k
k. Finally, from the onstraint C
0 = 0, we get the
expression for the ADM Hamiltonian:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU (10)
from whih we derive the Hamiltonian equations:
β˙± =
∂H
∂p±
=
p±
H
(11)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(12)
p˙± = − ∂H
∂β±
= 0 (13)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(14)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
(15)
A dot means a derivative with respet to Ω. We will hoose N i = 0 and we alulate N
by writing that ∂
√
g/∂Ω = −1/2ΠkkN [7℄. Then, it omes:
N =
12πR30e
−3Ω
H
(16)
The relation between the Ω and t times is then dt = −NdΩ. We want to rewrite some
of these equations under the form of an autonomous rst order system with normalised
variables [9℄. For this we will only onsider the set of equations (12), (14) and (15),
the equations (13) showing that the onjugate momentums of the variables desribing
the anisotropy are some onstants. The onstraint (10) suggests the following set of
normalised variables:
x = H−1 (17)
y =
√
e−6ΩUH−1 (18)
z = pφφ(3 + 2ω)
−1/2H−1 (19)
The rst one depends on H , the seond one on H and φ and the third one on H , φ and
pφ. Thus they are independent variables. y and z will be real if the funtions U and
3 + 2ω are positives. Under these onditions, it follows that the potential will favour
ination and the oupling funtion, when U = 0, will be suh that the energy density
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of the salar eld is positive. Rewriting the onstraint (10) with the new variables, we
get:
p2x2 +R2y2 + 12z2 = 1 (20)
The positive onstants p and R2 are dened by p2 = p2+ + p
2
− and R
2 = 24π2R60. From
this last equation we dedue that the variables x, y and z are bounded and belong to
the following intervals:
x ∈
[
−p−1, p−1
]
(21)
y ∈ [−R,R] (22)
z ∈
[
−1/
√
12, 1/
√
12
]
(23)
The eld equations (12), (14) and (15), beome (see appendix 5):
x˙ = 3R2y2x (24)
y˙ = y(6ℓz + 3R2y2 − 3) (25)
z˙ = y2R2(3z − 1
2
ℓ) (26)
with ℓ = φUφU
−1(3 + 2ω)−1/2. They an not be expressed only with x, y and z beause
we do not wish to speify the form of ω and U whih are arbitrary funtions of the salar
eld. However, we do not need to know the exat form of ℓ(x, y, z) sine we are only
interested by the asymptotial isotropisation of the Universe at late times. To reah our
goal, it is suient to assume two types of asymptotial behaviours for ℓ: ever it tends
toward a onstant or it diverges. This exludes any asymptotial haoti behaviour for
ℓ and is in aordane with muh of the funtions ω and U studied in the literature.
We will have to hek if these behaviours are ompatible with the isotropisation of the
Universe at late times.
In the next setion, we examine the equations (24-26) from the dynamial systems
theory point of view. Firstly, we look for monotoni funtions and seondly, we study
the presene of equilibrium points.
3. Dynamial studies of the elds equations
Monotoni funtions
Lets examine the presene of monotoni funtions. From the equation (24), we dedue
that x is a monotoni funtion: when it is positive (negative), it inreases (dereases).
Sine x has a onstant sign, it follows from (18) that it is the same for y. Notes also that
in the plane x = 0 with ℓ = cte, z is a monotoni and inreasing funtion if z > ℓ/6,
dereasing otherwise. Thus there is no periodi or homolini orbit and then no haoti
behaviour.
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If we look for the signs of the derivatives of the metri funtions with respet to Ω
depending on the position of a point (x, y, z) in the phase spae, we see that the sets
of points suh that they are onstants are splat by planes dened by x = cte sine
dgij/dΩ = −2e−2Ω+2βij (1− β˙ij). As instane for g11, it is dened by x = (p+ +
√
3p−)
−1
and the sign of its derivative above or below this plane depends on the value of the on-
stant p+ +
√
3p−. For g22, the plane is x = (p+ −
√
3p−)
−1
and for g33, x = p
−1
+ . Sine
x is a monotoni funtion with onstant sign, we dedue that eah metri funtions an
have one and only one extremum. From (16) and the relation between Ω and t, we re-
mark it will be the same in the proper time t. This is in agreement with the results of [10℄
Study of the isotropi equilibrium states
Now we study the equilibrium points. They are all dened by (y, z) = (±(3 −
ℓ2)1/2(3R2)−1/2, ℓ/6) and they will respet the onstraint if x = 0. We have shown
in [10℄ that the Universe isotropises in the proper time t only when Ω → −∞. This
value of Ω indiates that they will be soures or sinks but not saddle points. Thus an
equilibrium states will represent an isotropi one for the Universe if in the same time
Ω diverges negatively. Moreover, sine x is a monotoni funtion of onstant sign, we
dedue from the relation (16) that the proper time is a monotoni and dereasing (in-
reasing) funtion of Ω when the Hamiltonian is positive (negative). Hene Ω an be
onsidered as a time variable and the equilibrium will take plae at late times if H > 0.
In what follows, we will assume that ℓ asymptotially tends toward a onstant or di-
verges.
First, we assume that ℓ is asymptotially a onstant. We an show in that ase by in-
tegrating (25-26) that when y = ±(3− ℓ2)1/2(3R2)−1/2, Ω diverges. It follows that these
two equilibrium points are ompatible with the isotropisation of the Universe. R2 being
a positive onstant, they will be real if ℓ2 < 3. We an not alulate their orresponding
eigenvalues and thus knowing the signs of these last quantities beause we do not now
the expressions of the derivatives of ℓ with respet to x, y and z. However, sine we
onsider Ω as a time variable, they will be sinks if H > 0 or soures if H < 0 sine they
will respetively orrespond to asymptotial late or early times.
To get the behaviour of the metri funtions when we approah an isotropi state, we
need a dierential equation for x when ℓ→ cte. In this last ase, the integration of the
eld equations (24-26) gives:
z =
[
ℓ(1 + 6R2z0)−
√
ℓ2(1 + 6R2z0) + 18R2z0(R2y2 − 1)
]
(36R2z0)
−1
(27)
By introduing this expression in the onstraint equation and using (24) to express y
as a funtion of x and its derivative, we get a dierential equation for x. Sine when
the Universe isotropises, x and its derivative tend toward zero as Ω diverges, and keep-
ing only the seond order terms in x and x˙, we nd that x asymptotially behaves as
x0exp [(3− ℓ2)Ω] when it tends to vanish. Taking into aount the divergene of Ω, we
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see that our approximation will be justied if ℓ2 < 3, whih is in aordane with our
previous results. One ould also reover this result by linearizing the equation (24) but
we nd this demonstration more rigorous.
Now we examine the ase for whih ℓ diverges. It implies that the equilibrium points
are unbounded. However, sine y and z are bounded, we dedue that an equilibrium
state an not be reahed when ℓ diverges.
In the next setion, we disuss about physial meaning of our results.
4. Disussion
In this work, we have examined the onditions under whih the Universe desribed by
a Generalized Salar-Tensor theory with a massive salar eld isotropises as well as the
asymptotial behaviour of the metri funtions by help of the Hamiltonian formalism
and dynamial systems theory.
The set of points of the phase spae orresponding to stable isotropi states for the Uni-
verse is suh that the time oordinate Ω and the Hamiltonian diverges (Ω → −∞ and
x → 0). Then, the funtions β± desribing the anisotropy asymptotially tend toward
a onstant. We have shown that when ℓ was asymptotially unbounded, an equilibrium
state ould not be reahed. Thus, the isotropy of the Universe is not ompatible with the
divergene of the quantity φUφU
−1(3+2ω)−1/2. However it arises when its value belongs
to the range
[
−√3,√3
]
. In this ase, the plane x = 0 ontains two equilibrium points
orresponding to an isotropi state for the Universe. They are late times attrators in
the t time if the Hamiltonian is a positive funtion. If H is interpreted as an energy,
it means that we assume a positive energy for the Universe, whih is reasonable. If it
is not the ase, the isotropisation arises at early times. Moreover, we have shown that
as long as ℓ2 < 3, the funtion x(Ω) asymptotially tended toward x0exp [(3− ℓ2)Ω].
Using (16), we see that it orresponds to a power law of the proper times with the
exponent ℓ−2 if ℓ does not tend toward a vanishing onstant, or toward an exponential
of t otherwise. These two types of funtions represent the only possible attrators when
the Universe isotropises. All this an be summarised in the following important result:
A neessary ondition for isotropisation of the Generalized Salar-Tensor theory plus
a massive salar eld φ, whatever the Brans-Dike oupling funtion ω and the potential
U onsidered, will be that φUφU
−1(3+2ω)−1/2 tends toward a onstant ℓ with ℓ2 < 3. It
arises at late times if the Hamiltonian is positive, at early times otherwise. If ℓ 6= 0 the
metri funtions tend toward tℓ
−2
. The Universe is expanding and will be inationary if
ℓ2 < 1. If ℓ = 0, the Universe tends toward a De Sitter model.
Note, that the asymptotial behaviour of the metri funtions when isotropisation arises
does not depend on initial onditions whereas the epoh of isotropisation, i.e. late or
early times, depends on the initial sign of the Hamiltonian. One element is missing
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in this result: the value of the salar eld when the isotropisation arises, i.e. when
Ω → −∞. Expressing φ˙ as a funtion of z and φ (see appendix 5), and taking z as its
value at the equilibrium, ℓ/6,we get a dierential equation for φ. It does not desribe
the salar eld behaviour during the whole Universe evolution, but asymptotially when
Ω → −∞ and the system approah equilibrium. This equation of the rst order an
be solved analytially or numerially. This additional result allows to alulate ℓ when
isotropisation ours and ompletes the main one above. It is written:
The value of the salar eld when the Universe reahes an isotropi equilibrium state is
the value of the funtion φ dened by φ˙ = 2φ2Uφ(3 + 2ω)
−1U−1 when Ω→ −∞.
Lets examine the relations between these results and others quoted in the literature.
Firstly they are in aordane with the "No Hair Theorem" whih states that
General Relativity with a osmologial onstant isotropises toward a De Sitter model
sine in this ase, ℓ = 0. It will be true for any form of potential and Brans-Dike
oupling funtion suh that ℓ asymptotially vanishes when Ω → −∞ whih does not
neessary implies that the potential tends toward a onstant. As instane, it arises if
the Brans-Dike oupling funtion diverges faster than φUφU
−1
. This generalises the
"No Hair Theorem" in the speial ase of the Bianhi type I model.
Seondly, in [12℄, it has been shown that all the Bianhi models with an exponential
potential V = ekφ (exept the ontrating Bianhi type IX model), isotropise at late
times when k2 < 2. If k = 0, these models tend toward a De Sitter model and toward
t2k
−2
otherwise. If k2 > 2, the Bianhi type I, V , V II and IX models might isotropise
at late times. In the present paper, the form of the oupling onstant orresponding to
the theory studied in [12℄ is
√
3 + 2ωφ−1 =
√
2. What an we dedue from our results?
If we introdue these forms of ω and U in the expression of ℓ, we see that the neessary
ondition for the isotropisation of the Bianhi type I model will be k2 < 6. Then, the
Universe is of De Sitter type if k = 0. In the other ases, the metri funtions behave
as t2k
−2
. The ination arises when k2 < 2. All these results are in aordane with
these of [12℄ and [13℄. However, some dierenes exist whih are not in ontradition
with the previous quoted papers: we have shown that Universe might isotropise and is
inationary when k2 < 2 but isotropisation is impossible if k2 > 6. Between these two
values, the neessary ondition for isotropy is respeted but no ination an our.
Last, these results are agreed with these found in [14℄. In this paper where the
Hyperextended Salar Tensor theory with a potential is studied for the Bianhi type I
model, it is shown that the Universe isotropises when
∫
Ge3Ωdt tends toward a onstant,
G being the gravitational oupling funtion. If in this last expression we hoose G = 1
and e3Ω → t−3l−2 , we nd that isotropisation arises if l2 < 3, in agreement with the
above results.
Lets say few words about the power law potential, U = φk. We an show from the
asymptotial equation for φ dened above, that when Ω → −∞, φ → +∞ if k < 0 (if
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k > 0, the salar eld is not real). Then ℓ → 0 and isotropisation systematially leads
to an asymptotial De Sitter model.
The result of this paper is not only a neessary ondition for the isotropisation of
the Universe. We have also derived the asymptotial behaviour of the metri funtions
and thus some onditions for a late time inationary behaviour. It is a strong theoretial
onstraint on the forms of ω and U so that the Universe be physially realisti at late
times if we onsider that it an be desribed by a Generalized Salar-Tensor theory with
a massive salar eld in the Bianhi type I model. We have heked the ompatibility
of our results with these of the important No Hair Theorem and these of Kitada et al
and Cooley et al that are here unied in a single ondition. To our knowledge, there
is no paper mixing the Hamiltonian tehnique and the dynamial systems theory with
so many arbitrary funtions. It seems to be a fruitful method in the ase studied here
mainly beause it allows to alulate the equilibrium points as funtion of the potential
and Brans-Dike funtion. Then from mathematial onstraints on the equilibrium
points, we dedue onstraints for these undetermined quantities. In future papers, we
will see that we get the same type of results when we introdue a perfet uid and we
will extend this method to more general theory suh has Hyperextended Salar Tensor
ones or other Bianhi models.
5. Appendix
Equation for x
From (15) and (17), we dedue:
x˙ = 3R2y2x (28)
Equation for y
By deriving (18), we nd:
φ˙ = 2L−12 x
−2y(y˙ − 3R2y3) (29)
with L2 = (e
−6ΩU)φ. By using (12) and (19) to express pφ, we nd:
φ˙ = 12zL−13 (30)
with L3 = (3 + 2ω)
1/2φ−1 Consequently, (29) and (30) gives:
y˙ = 6L2L
−1
3 x
2y−1z + 3R2y3 (31)
Equation for z
by using (19) to express pφ and by deriving this expression, we get:
p˙φ = L3x
−1z˙ − 3R2L3x−1y2z − 12φ−1x−1z2 + 12L4L−23 φ−2x−1z2 (32)
with L4 = ωφ. From (14) and by using the fat that U
−1Uφ = L2x
2y−2 + 1/2L3z
−1
, it
omes:
p˙φ = −12φ−1x−1z2 + 12L4L−23 φ−2x−1z2 −
R2
2
L2x− R
2
4
L3x
−1y2z−1 (33)
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From the equations (32) and (33), we derive:
z˙ = 3R2y2z − R
2
2
L2L
−1
3 x
2 − R
2
4
y2z−1 (34)
Before getting the equation (24) to (26), we have to evaluate the term L2L
−1
3 x
2y−2.
After few alulations, we nd −(2z)−1 + φU−1Uφ(3 + 2ω)−1/2.
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